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Symmetry breaking in ionization wave turbulence
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Experimental data of weakly turbulent ionization waves in a plasma glow discliargection-diffusion

system are analyzed by biorthogonal decomposition. The spatiotemporal dynamics of a single traveling wave
and of turbulence are considered. A biorthogonal decomposition analysis of the symmetry properties suggests
that turbulence is established here by strong modulation of traveling waves. To mimic this essential feature of
the turbulent dynamics, the plasma discharge is periodically perturbed, and a monochromatic traveling ioniza-
tion wave is modulated in a controlled way. The low-dimensional projection of the spatiotemporal data allows
for a reconstruction of the modulation function. Similarities between the periodically perturbed and the turbu-
lent state support the assumption that ionization wave turbulence consists of modulated traveling waves.
[S1063-651%98)06212-9

PACS numbg(s): 05.70.Ln, 05.45-a, 52.35.Ra

I. INTRODUCTION (BD) [4,5], also known as proper orthogonal decomposition
or Karhunen-Lowe decompositio6]. BD provides instru-
Probably one of the most challenging subjects in the fieldnents that are highly sensitive in detecting spatiotemporal
of nonlinear dynamical systems is the turbulence problemsymmetrieg7] and modulation§8]. Furthermore, BD allows
Though it has long been investigated, the present situation iane to identify the energetically most dominant “modes” in
the conceptual and theoretical understanding is far from bethe spatiotemporal data. These eigenmodes are used as a ba-
ing satisfactory. It has been realized that turbulence is not ais for projection on low-dimensional subspaces considered
unity, i.e., its nature can considerably differ depending on thdor further analysis. In a previous study, this general ap-
specific physical system. Prominent examples are the chemproach gave valuable insights into the bifurcation structure
cal waves(phase turbulengd 1] and neutral fluid$2]. [9] and three-wave couplifd 0] of plasma drift waves. Drift
In the present paper, the spatiotemporal dynamics of regwwaves are based on a Rayleigh-Taylor-type fluid instability,
lar and turbulent plasma ionization waves is studied. Generand consequently the turbulence cannot be compared to ion-
ally speaking, ionization waves are of reaction-diffusion typeization wave turbulence. Nevertheless, the successful appli-
and are described by a set of partial differential equations ofation of the BD formalism in drift wave dynamics encour-
the form ages one to go here along the same lines. We will come back
to this point below.
The paper is organized as follows. In Sec. Il, after some
E:DA”JFS(XJ)’ 1) notes on the physics of ionization waves, we describe the
setup of the plasma experiment. In Sec. Il the concepts of
where the space and time evolution of the density,t) is BD are summarized. Th(_e analysis of_thg expgrimental data is
given by diffusion(with diffusion constanD) and reaction done in Sec. IV. We discuss our findings in Sec. V, and
described by the source terS8(x,t). Much attention was Make a summary in Sec. VI.
devoted to chemical waves that develop a particular type of
phase turbulencé¢3]. An often overseen physical system Il. EXPERIMENT
whose collective dynamics is governed by the balance be-
tween particle loss and production is the positive column of The experimental arrangement consists of a cold-cathode
plasma glow discharges where instabilities in the ionizatiordischarge tub@lengthL=50 cm, diameted=3.0 cm) that
degree lead to propagating waves, the so-called ionizatiois operated with neon as neutral ga&pressurep=1
waves. In Sec. Il we give a brief introduction into the physics—2 mbar). The discharge is sustained by an externally ap-
of ionization waves. plied voltage and the current{=10-20 mA) is limited by
In an empirical approach, grounded on the analysis of series resistaofFig. 1). The integral light flux is picked up
experimental observations, we investigate the modulation dby a linear array of 64 phototransistors, positioned along the
spatiotemporal structures and symmetry breaking of reguldiomogenous positive column of lengtk=40 cm. In this
and turbulent ionization waves. A powerful framework for way the fluctuations of the light flux are simultaneously re-
the study of space-time data is biorthogonal decompositiocorded in space and time. The distance between each two
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cathode
e .YU,'[ o
= ‘L AT ] FIG. 1. Schemtic diagram of the experimental
pumping device. The(spectrally integral light emission is
system recorded by a linear array of 64 photodetectors.

photo transistors isAx=1/63=0.635 cm and the sampling
rate isAt=30us with eight-bit accuracy. The resulting Ny- Up(x)= un(x,t)¢(x)dx, @
quist limits areky,=0.79 cm! and fny=16.6 kHz, re-
spectively.
It is known that in a certain range of operation the light UTy(t)= fTu(x,t)w(t)dt. ©)

flux fluctuations are caused by moving striations, also known

as ionization wave$l1l]. In general, ionization waves are The operatord) and U™ map H(X) into H(T), and vice
axially propagating in the positive column of glow discharge ’

ersa. In our calculations, we use thé norm. Assuming
.plagsmalls operated. ata base pressure ofa feyv ”?baf' w_here pactness df) one obtains a discrete spectrumfand
ionization degree is low and the particle motion is dominated ,+ [4]. The corresponding eigenvalue problems

by diffusion in the externally applied electric field. Reviews '

on the physical properties of the positive column and earlier U di(X) = ay i (t) (4)
investigations on ionization waves can be found in Refs.
[11-13. It was discovered that ionization waves are essen- UT (1) = aydp(x) (5

tially one-dimensional phenomena since the diffusion in the

radial direction(we restrict the discussion to cylindrical ge- are closely related to the eigenvalue problem for the autocor-
ometry can be approximated by the particle lifetime only. relation function[5]:

Roughly speaking, ionization waves are temperature waves

leading to propagating fluctuations in the ionization degree. T _ , r_ 2

The latter establishes density fluctuatior{,t) propagating WU () Lﬁu(x,t)u(x,t Y dx At =aicht).

axially as traveling waves. The source term in E.is then (6)
given byS(x,t) =1(x,t) —R(x,t), wherel (x,t) is the ioniza- . N .

tion (particle production and R(x,t) is the recombination This allows for a decomposition af(x,t) in the form

(particle los$ due to wall losses. The dynamiéa of ion- o
ization waves is determined by the balance between the _

u(x,t)= X t). 7
source termS(x,t) and the axial diffusion term. (x.t) IZl kX)) @

The linear dynamics of ionization waves is reasonably
well understood13,14). On the other hand, ionization wave The functionse,(x) and they(t) (called toposand chro-
turbulence, despite valuable experimental observations anf@Ps respectively are orthonormal, i.e., &y, ;) = (i, ;)
modeling attempt$15,16, still bears many open questions. = dy .- Theweightsa, are real numbers, arranged such that
We emphasize that many of these questidosinstance the a =, for k>1. Their distribution is quantified by the BD
formation and dynamics of spatiotemporal pattgrase of energyE and BD entropyH that are defined by
quite general nature and are not seen as being specific for

ionization waves. Recent investigations have focused on the B " _ 2

temporal ionization wave chaos emerging in autonomous E_JXLU(X'UU (X't)dth_gl ko 8)
[17] and nonautonomous dischardé8—-20. In the autono-

mous case, the chaos establishes spontaneously in certain 1 N

parameter regimes. In contrast, the ionization wave chaos in H=lim — —> pdnpg 9
the nonautonomous case is excited by an externally applied Noe  NKS1

driving force, i.e., a weak modulatioftypically <5%) of ) ) ) ]
the discharge current. In this kind of discharge experimentWith px=ai/E<[0,1]. For the analysis of phase evolutions
the methods of “controlling chaos[21] have recently been it was introduced in Refl9] the complexificationof a pair
applied with some succe§g2—24. (j,k) of topos and chronos:

D 1(X) = dj(X) +iy(X),
I1l. BIORTHOGONAL DECOMPOSITION (10

For the biorthogonal decomposition of two-dimensional Y= 9O+
spatiotemporal datai(x,t) e XXT where X=[0L] and T  As already shown in Refs[9,10] the phase portrait of
=[to,t1] we define two operators on the Hilbert spaces®; (t) (polar ploy reveals the temporal periodicity of the
H(X) andH(T): wave. The complexification yields feequency
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for the reconstructed BD structure. Analogouslywave MMU\MMMMM

number «; ) is defined for the corresponding topos. The 4 8 0 20
reconstructiorE j ) (x,t) of a BD structure corresponding to time (ms) frequency (kHz)
a specifically chosen BD weight pair(,«,) is given by

o

d
V(i = g9V 10D (12)

amplitude
spectrum (dB)
&
[=]

L
)
S

o
o

o

E (X0 =a;0i(X) (1) + aydu(X) (). (12)

This reconstruction is a particular two-dimensional subspace

amplitude
spectrum (dB)
&
(=]

of the typically high-dimensional original system. 0 4 8 -1005 5 10
The observed dat@iscrete in time and space written time (ms) frequency (kHz)

as a matrixu; j=u(x;,t;). The BD then becomes equivalent s °

to the singular value decomposition of the mattix The 8 z

chronos and topos are then the respective eigenvectors of the % g _50-/\\\-

temporal and the spatial autocorrelation matrix. It was £ 3

pointed out in Ref[25] that the lack of scaling invariance . %_100 .

can be circumvented by normalizing each time series to its 0 4 0 10 20

time (ms) frequency (kHz)

standard deviatioro® after subtracting its average value.

Following this approach, the experimental data are normal- F|G. 2. Time traces and power spectra of the light fluctuations
ized as follows: taken from a single, arbitrarily chosen, photodetector. The three
observed dynamical states &g regular,(b) quasiperiodic, an¢c)

. 1 turbulent. The quasiperiodic stafie) is observed in the nonautono-
Uiji=— ui,j—Z Uijl- 13 mous discharge with a periodic driver of frequenchy
i ! =1.68 kHz.

For simplicity, we further drop the prime. The implied as-

. LR The structure of the topos and chronos of the MUTW allows
sumption of temporal homogeneity is justified for the prese

nt, . .
: . A ne to specify the form oM (x) andN(t). Since the topos
case. We note that Eq13) is equivalent to a normalization and chronos are no longer simple Fourier modes, conven-

with respect to the global enerdy. : ; . .
There are two features that make the BD superior to othetrIonal spectral analysis cannot accomplish this gk

decompositions, its optimality and its ability to detect spa-
tiotemporal symmetries. It has been shd@hthat among all IV. RESULTS

linear decompositions, the BD is the most efficient for mod- Three different dynamical states of ionization waves are

elll_ng or reconstructing a S|gnal(x,t)_, in the Sense O.f €ap- considered for the BD analysis. As mentioned above, the
turing the most kinetic energy possible for a projection on a : g ) . X .

: o . utonomous discharge experiment is typically found either in
given number of modes. Of special interest in the presen

study is spatiotemporal svmmetry. in particular uniformiv & regular statéa single ionization waveor in the turbulent
travglin WF;ves(UT\?V’s) TKe areyéf thep eneral form ystate, depending on the set of operation parameters, i.e., heu-
9 ' y 9 tral gas pressure and discharge current. These two generic

iy states are studied in Sec. IV A. To develop a better under-
U(X, T+ o) =U(X=Xo, 1), (14 standing of the complex dynamics in the observed turbu-
lence, we additionally consider a quasiperiodic state that is
established in the discharge by a periodic external perturba-
tion (Sec. IV B. This allows for a detailed investigation of

More complex spatiotemporal structures linked to degen:[he properties of MUTW's which are shown to play an im-

erated BD weights ammodulatecuniformly travelling waves portant role in the present kind of turbulence. The validity of _
(MUTW's) [8]. They are defined by their two modulation the chosen approach is supported by the fact that the transi-
functionsM (x):X— R andN(t): T—R tion to turbulence in the periodically drive(nonautono-

mous discharge follows the quasiperiodicity rolte9]. lon-
ization wave turbulence in the autonomous and in the

wherec=Xxg/t, is the propagation velocity. This leads to a
multiplicity of the BD weights, and the BD is equivalent to a
Fourier decompositiofi7].

2 D=MOONOLaj;(X) () + axdi(x) d(D)], nonautonomous discharge system has very similar dynamical
properties.
where y;(t). s(t) and ¢;(x), b (X) are given by the bior- Figure 2 shows time series of the light emission and the

thogonal decomposition of a UTW. The corresponding Com_correspondlng power spectra Sl three different F'Vf?am'c"%"
e states. The regular state is characterized by a periodic oscil-
plexifications(10) read . . S .
lation of the light emission. The power spectrum is sharply
peaked af,=2.31 kHz, with pronounced higher harmonics
due to the nonsinusoidal shape of the fluctuations. In the
quasiperiodic state, the nonlinear interaction between the

‘Tf(j,k)(t)=N(t)\If<j,k)(t). self-excited ionization wavéwith frequencyf,=2.06 kHz

a)(i,k)(x):M(X)CD(j,k)(X), (16
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FIG. 3. BD analysis of the regular stat@) Spatiotemporal raw datdb) Distribution of the most important BD weight&c) Recon-
struction= (1 5(x,t). (d) Fourier spectra of chronag, (t) and,(t) with their complexification shown in the insg@eft), and Fourier spectra
of topos¢4(x) and ¢,(x) with their complexification shown in the ins@tght; the first and the last six points of each complexification have
been shaded gray to demonstrate finite size effe@sReconstructiorE 3 4(x,t). (f) Same agd) for pair (3) and (4).

and higher harmoni¢sand the driver(with frequencyf,  first harmonic of subspacg ; »(x,t). This finding is con-
=1.68 kHz and higher harmonicteads to the occurrence sistent with the above statement on the constant phase veloc-
of sidebands at frequenciés=nf,+mf; (n,meN). Inthe ity of the BD modes, a hallmark of higher harmonics. The
turbulent state, the time series is strongly irregular, espephase portraits of the complexifications shows the regularity
cially in the phase, and the power spectrum is broad. We findf the chronos and topos. They form nearly perfect circles,
a close similarity of the shape of the fluctuation signals towhich is a further indication of equivalence to Fourier
certain solutions of the Kuramoto-Sivashinsky equationmodes, which are the most natural description of UTW's.
[5,26]. The turbulence state of the plasma column is shown in
For the subsequent discussion of the BD analysis of thesig. 4. Here, the degeneracy of the BD weights is much less
experimental data, we have chosen the following commompyious and, to form pairs, we have to rely on similarities in
layout. Each dynamical state is described by a group of diage Fourier spectra of the chronos and topos. The most ener-
grams. In the first row, we show the normalized spatiotemygic reconstructior ; »(x,t) still contains a significant
poral data and the spectrum of BD weights. The second an%egular part, indicated by the pronounced peaf,at0.19 in
third rows S.hOW selected pairs of chronos and tOPOS' l.e., th e Fourier spectrum. However, in contrast to the regular
I’ECODSUUC'[IOIE(J-’k)(X,t) [cf. Eq.(12)] and the Fourier spec- state(Fig. 3), the spectrum shows additional components at
tra (linear scal¢ of the chronos and topos pairg,K). The f<f with K aff.=0.10. The BD modes th tronal
phase portrait of the complexificatidid0) is shown in the 0 a peak atl,=0.19. The bL modes thus strongly
insets of the corresponding Fourier spectra. Here and durin eviate _from Fou_rler _mo_des, '”C."C?‘“”Q spatiotemporal
the subsequent discussion frequencies are expressed in udit@dulations. The situation is very similar in the reconstruc-
tion Z(34(X,t). The phase velocities ;) and v 4 are

of the Nyquist frequency. e : )
strongly changing in time, reflecting the varying slope of the

wave fronts in the reconstruction. The wave numbers,)
and k3 4) remain nearly constant in timgot shown. The

Figure 3 shows the result of the BD analysis of the regulaiphase portraits of the chronos and topos=f ,)(x,t) and
(time and space periodistate of the ionization waves. The = ; 4(x,t) are not circular but are almost space filling. Re-
symmetry condition(14) is clearly satisfied and paiisy -1 constructionsZ ; ;. 1)(x,t) of higher orderj >4 have a simi-
=ay (i=1,2,...) of degenerated weights are formed. lar structure and are not shown.
Each of them corresponds to a traveling wave with the same Both the multipeaked power spectra and the noncircular
spatiotemporal symmetr§l4), meaning the same phase ve- phase portraits of the chronos and topos pairs suggest strong
locity. The spectra of the chronos are neafhpeaks atf; ~ modulation of UTW's. At this point, however, it is difficult
=0.15 and 2,=0.30. Hence the BD modes are equivalentto specify the modulation type precisely. In Rg®], for a
to Fourier modes, and the subspag (x,t) is simply the  different physical situatioridrift waves in magnetized plas-

A. Autonomous system



56 NIEDNER, SCHUSTER, KLINGER, AND BONHOMME PRE 59

(b) 60

time (ms)

T,

1"1."! l'!!!'l";fd" "f!
I
et tic1ii 44 iestaifigal

OSEIANTI T LN TP AT TS L1
‘-ilcliirq ‘l’!]l.II!l‘ ‘w‘I“«'{’il-'.lr .l-l-l -lvli I-F-
FE_ W B = ¥ r T

i a - & FaS = B I . - -

g
¥

space (L)
S(f) (arb. units)

0

L e a e oa = - 0
- G

1 - a s 8 el L . B :
W O e i

A

NN
i '.f'é//':'*ff’fl"ﬁfffgf'??: 2

S(f) (arb. units)

=
*

T
] - =

I 1

0' o £ & of a F it ol WA A s ned / > A\ 7

0 5 10 0.25 05 0 0.5 1
time (ms) frequency (1/fNy) wave number (k/kNy)

o

FIG. 4. BD analysis of the turbulence state) Spatiotemporal raw datdb) Distribution of the most important BD weightsc)
ReconstructiorE ; »(x,t). (d) Fourier spectra of chronag, (t) and,(t) with their complexification shown in the ins@eft), and Fourier
spectra of toposgh;(x) and ¢,(x) with their complexification shown in the inséight; the first and the last six points of each complexi-
fication have been shaded gray to demonstrate finite size e)ff(za)tReconstructiorE(314)(x,t). (f) Same agd) for pair (3) and (4).

mag, complex modulation of UTW’s was considered. In aeracy in the weights and four BD reconstructions
recent theoretical study, real-valued modulation functions of; ;. 1)(x,t) (i=1, 3, 5, and Yare identified. The first re-
type (15) have been investigated in detail. Tentatively, weconstructionZ ; »(x,t) has exactly the same features as the
conclude that ionization wave turbulence is characterized byne in the regular state Fig. 3. The BD modes are equivalent

symmetry modifications due to strong modulation of UTW,S.tO Fourier modeS, and are specified as UTW'’s. The same
Due to the complicated structure of the two-dimensional reqgids for = (3,4(X,t) and = s¢(x,t) (not shown. The sub-

constructions, the construction of the full set of differemsystemEU,g)(x,t), however, represents a modulated UTW:

step toward this goal, a highly simplified situation, the quafThe phase portraits ob 7.g(x) and¥'(7(t) show that the
phase evolution is varying in time and the Fourier spectrum

siperiodic state, is studied in Sec. IV B. Roughly speaking,

the quasiperiodic state can be seen as the lowest order ag-multipeaked. To provide an overview, the frequencies and

proximation to turbulence. wave numbers in the quasiperiodic state are compiled in
We finally note that the analysis of the turbulent data seffable I _ _ _
is facilitated by the BD approach. The mutual mapping be- The first three pairs form a group of higher harmonics,
tween chronos and topos established by &).yields the comparable to the regular state described in Sec. IVA. All
spatiotemporal reconstructiori42) of BD modes that are these frequencies and wave numbers are incommensurate to
clearly more complex than Fourier modes. The reconstructhe most dominant frequency component found in the Fou-
tions, discussed together with their weights, provide a morgier spectrum of the chronos pdigs. (7) and(8)]. This is
detailed view of the spatiotemporal patterns present in than important feature of the quasiperiodic state, and the domi-

turbulent system. nant frequency component in the spectrum is identified with
a second ionization wave, launched by the external periodic
B. Nonautonomous system perturbation. It was pointed out in Ref8] that the spa-

To investigate more precisely the modulation effect Oftiotemporal modulatign introduces additional ;ideba(rhtke
traveling waves, the discharge is driven externally by a pe@t fn=0.124=mAf with Af=0.023 andne N) in the Fou-
riodic current modulation. This launches a second ionizatiorfi€" SPectra of the chronos and topos. The group velocity of
wave mode with the frequency of the driver signfj the wave is given by,=2mdv/dk. It is suggested by the
=0.12. As a result, a quasiperiodic state is established whickalues listed in Table | that the group velocity of the wave

is considered here as the weakest form of turbulent dynanf?as a negative sig(the higher frequency mode has a lower
ics. wave number It is indeed one of the most prominent fea-

The spatiotemporal data of the quasiperiodic statdures of ionization waves to be backward waves, i.e., to have
is shown in Fig. 5. There is still a pronounced degen-phase and group velocities with opposite sign.
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FIG. 5. BD analysis of the quasiperiodic stata) Spatiotemporal raw datdb) Distribution of the most important BD weightsc)
ReconstructiorE ; »(x,t). (d) Fourier spectra of chronag, (t) and,(t) with their complexification shown in the ins@eft), and Fourier
spectra of toposgh;(x) and ¢,(x) with their complexification shown in the inséight; the first and the last six points of each complexi-
fication have been shaded gray to demonstrate finite size e)ffé&)tReconstructiorE(718)(x,t). (f) Same agd) for pair (7) and (8).

C. BD entropies wave mechanism. The motion of the charged particles is
As discussed in Sec. Ill, the BD entropy provides a reagoverned by diffusion, and the particle balance is determined

sonable measure of the spatiotemporal complexity of the dy?Y ionization and recombination losses. To some extent, it is
namics. In Table II, the computed values of the BD entropieéhu?' reasonable to expect experimental observations in ion-
Eq. (9) are listed for the three different dynamical states.1zation wave turbulence to be of relevance for the nonlinear
Since in the transition from the regular to the turbulent statélynamics of reaction-diffusion systems in general. Conse-
the energy is spread over the different BD modes, there is gu_ently, in the' present discussion, we focus our attentlon on
pronounced raise in the entropy. We bear in mind that thémlversal spatiotemporal structures rather than on the micro-

information on the BD energy was already introduced in theSCOPIC physical mechanisms involved. _
normalization(13). The approach chosen in the present paper is based on the

projection of the spatiotemporal dynamics on low-
dimensional subspaces spanned by the most energetic eigen-
modes of the biorthogonal decomposition, also called “em-
In the general class of reaction-diffusion systems, ionizapirical eigenmodes’[6] owing to the fact that they are solely
tion waves are seen as a revealing example. This is motdetermined by the experimental observation. We restrict the
vated by the processes involved in the physical ionizatiordiscussion to the symmetry properties of the subspaces. It is
the main goal of the present study to examine how the sym-

TABLE I. Frequencies, wave numbers, and phase velooiies Metry of spatiotemporal structures changes when comparing
=f,/k, of the BD modes in the quasiperiodic state. The frequencyiOonization waves in regular and turbulent states. To achieve

V. DISCUSSION

uncertainty of the spectral peaksd$= 0.005. this goal, spatiotemporal data for regular, quasiperiodic, and
turbulent states are taken into consideration. We note that the
(i,)) o Kn Cnh quasiperiodic state is generally not observed in the autono-
mous discharge experiment.
1,2 0.08 0.07 1.14
(3,9 0.16 0.14 1.14 . .
(5.6 0.24 0.21 1.14 TABLE Il. The BD entropy of different dynamical states.
(7.9 0.124 0.407 0.302 State Entropy
0.188 0.531 0.354
0.056 0.312 0.179 regular 0.44
0.212 0.641 0.331 quasi-periodic 0.55

0.148 0.469 0.354 turbulent 0.80
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The most simple situation is the regular state where only TABLE IIl. Modulation coefficients of the quasiperiodic state.

one traveling wave is present. The BD weights are ordered ir

a sequence of degenerated pairs, each of them corresponding 0=0.124 k=0.407
to the same spatiotemporal symmetiy). This is revealed o'=Aw/l2=0.0125 k' =Ak/2=0.036
by the agreement of the phase velocitigg; , 1) of the dif- t _3129
ferent BD reconstruction& ; ;1. The linear superposition '“{3_0'
of the reconstructions forms th@onmonochromatjcuni- #-2” .
formly traveling wave. According to Ref7], the BD here is '“*%:0 “fizojg
fully equivalent to a Fourier analysis. Ho= 11.89 #223-13
At first glance, the weight distribution of the quasiperi- #=15 p1=1.89
odic state looks very similar. The BD weights are still or- uz=0 pz=1.49
dered in pairs, indicating spatiotemporal symmetry, but the n3=3.46 p3=1.29
additional wave with the new frequency corresponding to the py=2.08

pair [Egs.(7) and(8)] introduces a different propagation ve-

locity ¢ (7,67 C(1,2 (cf. Table )) and a new symmetr8]. The

Fourier spectrum of= ;g shows pronounced side bands

clearly indicating a MUTW8]. The complexification$16)
of a MUTW with frequencyw, wave numbek, and phase
velocity c= w/k simply read

59(718)(x)= M (x)expikx) , (17)

W 75 =N(t) expiot). (18

We specify the real-valued modulation functiokigx) and
N(t) by thephase modulatiomnsatz

M (x) = 5[ expli w,Sin(k’x)} +exp{ — i uysin(k’x)}],
(19

N(t) = 3[expli wsin(w't)} +exp{ —i wsin(w't)}].
(20)

Since the exponential expressions in EG®) and (20) are

Without loss of generality, we set;=ag=1. After some

manipulations for Eq(24) we obtain the expression

Baau0= 2 2 ppuncod (k+2nk)x

+(w+2mo’)t]. (25)

This is identical with the formula given in Ref8]. The
coefficientsu* and !, and the modulation frequencies’
andk’ can be explicitly estimated by the experimentally ob-
tained Fourier spectra of the chronos and the topos. We find
the values given in Table IIl.

The relatively smallx and ! with |n|>4 are ne-
glected. We note that phase modulation suppresses sidebands
with odd multiples of the modulation frequenay . Follow-
ing the classification of Ref.8], the Fourier sidebands are
resonant The chronos and topos are no longer Fourier
modes, meaning that the symmetry relati@d) is no longer
valid. The spatiotemporal translation symmetry of the regu-

generating functions, they can be expressed in a series elar state is changed by the spatial and temporal modulation.

pansion

expliwsink'¥)] = X Jn(moexp(ink’x),  (21)

where thel,(u,) are the Bessel functions of orderSimilar
expressions are obtained faM(t) and sinceJ,(—x)=
(—1)"J3,(x) we finally obtain, for the complexifications,

Prp(0= X prexdi(nk +kxl, (22

o

Vagt)= X plexine’+otl, (29

with the new modulation coefficientg}=J,,(u,) and ;"
=Jom(ut). The two-dimensional subsystem reads

Egx,t)= Re[<5(7’8>(x)]Re[\'ff(7'8>(t)]

+HIM[® 7,50 IM[P 7 5(D)] (24

In Fig. 6 the two-dimensional subsyste{®5) is depicted.
There are many features of the reconstructed modulation
function that agree well with experimental observations. The
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FIG. 6. Model description of the spatiotemporal dynamics of the
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comparison between Fig. 6 and the two-dimensional BD reincrease of the BD entropfcf. Table 1) defined by Eq(9)
constructiongFigs. 5 and # shows that the spatially local- quantifies the increase of spatiotemporal disorder during the
ized amplitude crashegsvave amplitude nearly vanisheas transition to turbulencé27].

well as the periodic occurrence of short wave trains are

solely caused by phase modulatidtys.(19) and(20)]. Both VI. SUMMARY

in turbulent and quasiperiodic states, the two-dimensional |y this paper we investigated symmetry properties of tur-
subsystems of MUTW's have these two features; in the turpylence in a plasma discharge, that is used as an example for
bulent state the sequence of crashes and wave trains gsreaction-diffusion system. The analysis is done by bior-
slightly more complicated. The pronounced time evolutionthogonal decompositiofBD), which is superior to Fourier

of the wave amplitude is also the reason for the space-fillinginalysis with respect to the detection of spatiotemporal sym-
phase portraits of the topos and chronos in Fig§), 8(d), = metries. We investigated the role of modulated traveling
and 4f). The power spectra of the chronos and topos agrewaves in the development of turbulence and the quasiperi-
by construction. In Ref[9] plasma drift waves were inves- odic state of a nonautonomougeriodically forced dis-
tigated following essentially the same strategy. The modulacharge. The analysis of the symmetry properties of the BD
tion of waves turned out to be a valuable concept as well, bugigenmodes reveals the importance of modulated uniformly
the modulation is complex valued, and consequently the twotraveling waves. Modulation leads to a breaking of spa-

dimensional subsystems have a more complicated time evélotemporal symmetries. Suggested by the experimental ob-
lution. servation, phase modulation was assumed to be the predomi-

From the discussion above. we conclude that the turbuf@nt process. From the BD analysis the modulation function
lence state is established by increasing phase modulation {42S e_pr|C|tI)|/ recolnstructefd, a(rj\d a good agreement with the
space and time of the involved waves. The modulation leag§XPerimental results was found.
to a bre_aklng of the spz_atmtempo_ral symmetry. The pha_lse ACKNOWLEDGMENTS
modulation becomes evident by inspection of the Fourier
spectra and the phase portraits of chronos and topos in the We gratefully acknowledge fruitful discussions with Dr.
turbulent statdcf. Fig. 4. The multipeaked spectra and the T. Dudok de Wit and Dr. Ricardo Lima. Dr. Anatol Atipo is
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